• energy and momentum of each is definite, but into a superposition of such states with quite definite weights and phases. Although in his original formulation Jordan did not distinguish between neutrinos and antineutrinos, the distinction was in fact implicit in his mathematics. Born and Nagendra Nath clarified this point and showed that the mathematical analysis gains considerably in elegance if an antineutrino is described as a hole in a state of negative energy of the neutrinos (Born and Nagendra Nath 1936a) . Such a description is purely a mathematical convenience and entails no physical assumption beyond the fact that neutrinos and antineutrinos are created and annihilated together in pairs. Conceptually, too, this description has advantages, for it reduces process (b) to a special case of (a) in which the neutrino is originally in a state of negative energy and jumps to one of positive energy. According to the new hypo thesis, then, a photon is to be associated, not with a bound pair of particles, but with a transition of a neutrino from one state to another. This applies both to the emission and the absorption of a photon.
In order to agree with observations we are led to ascribe the following properties to the hypothetical neutrinos, which we write as postulates:
I. The rest-mass of the neutrino is zero.
II. The direction of motion of a neutrino is unchanged by its " radiative " interaction with charged particles. (This does not mean that other types of interaction, such as the one involved in /?-decay, cannot deflect the neutrino.) III. Neutrinos obey the Fermi-Dirac statistics.
IV. The neutrino possesses spin angular momentum \H.
We are led to I and II by a consideration of the balance of energy and momentum in a radiative process; for if the neutrino gains energy ho) it must gain momentum ha>/c, this being the observed momentum and energy of the atom. Writing p, p' for the momentum before and after, and jii for the rest-mass, this implies Neither of the square brackets can be negative; they iftust therefore both vanish. This implies that y = 0, and p and p' are parallel. If th of the neutrino has the value p its energy can thus have the two values + c | p |. The unit vector cp/H defines the direction of motion of the neutrino; if H is negative, p is opposite to the direction of motion. A closer analysis shows that cp/H and cp'/H' cannot be antiparallel.
Another argument for postulate I is to be derived from the fact that light in vacuo is propagated with the velocity c, independent of frequency or other circumstance, and therefore the neutrinos giving rise to this effect must travel with velocity c.
We might perhaps object that the two above laws are not really established with universal validity. For instance, we might suppose that light does not really travel with velocity c but that our instruments are too gross to detect the difference. In such a case we can at least establish an upper limit for for if a star moves with a transverse velocity relative to the earth neutrinos travelling from it with differing velocities will arrive into a telescope from different directions; if y is not zero, red light will on the whole be a with slower moving neutrinos than blue light, and the star would appear as a spectral band instead of a point. Allowing a velocity of 100 km./sec. and a resolving power of 1 sec. for visible light, this sets a limit of 10-6 for the ratio of y to the mass of the electron. Another limit can be obtained by considering the condition that the two particles emitted in process (b) from a star should arrive on earth sufficiently simultaneously to appear as a photon of frequency w; for were this not the case no sharp spectral lines would be observed from the star. A train of waves associated with a photon usually has a length of about a metre (i.e. the life-time of atomic states is of the order of 10~8sec.); for a spectral line to be observable the neutrino and antineutrino must not have separated by more than a metre in their journey through space, which can be of the order of 1027cm. This sets a limit of y/m < 10~17. These arguments, of course, have no bearing on the neutrino involved in /?-decay.
Similar empirical arguments may be brought forward in support of postu late II. For, as Scherzer has pointed out, if the two directions differ by a finite angle, although the general intensity falls off as the inverse square of the distance, the intensity of a spectral line falls off as the inverse fourth power if the angle of divergence is greater than the angle subtended by the spectro scope at the source; this could not well be reconciled with astronomical observations (Scherzer 1935) .
Postulates III and IV are not based on any observations of the properties of light, but may rather be said to be the raison d'etre of the theory.
It must be borne in mind that the particles in process (6) are emitted exactly in the same direction and no interaction is required to keep them together, for no interaction (except a /^-disintegration) can ever change this. This exact equality gives to the theory a rather artificial look. It may not seem so artificial, however, if one states postulate II in the following way:
The interaction energy commutes with the direction of motion of the neutrino; for it is quite simple to construct observables of this type (cf. equation (2-6)). On such a hypothesis the polarization properties of light must in some way be connected with the spin of the neutrino. Without going into the question at all deeply we can deduce a few features of the connexion. It is well known that the angular momentum of a photon about its direction of motion can have the two eigenvalues ± H\ this means that the angular momentum of the atom about this direction changes by or -K. On the neutrino theory of light this states that the neutrino always makes a transi tion in which the component of spin in the direction of motion is reversed, i.e. changes from + to + We shall later derive this fact rigorously (equations (6-3) and (6*4)). If the original state is one of negative energy, corresponding to (6), the consequent antineutrino has spin in the opposite direction from the corresponding negative energy neutrino; the neutrino and antineutrino therefore have parallel spins. If the transition is from an eigenstate of spin in the forward direction to one in the backward direction, the light will be circularly polarized in the right-hand direction, and con versely; if the transition is from a superposition of two states of opposite spin, with equal weights, to the corresponding opposite state, the light will be plane -polarized.
The central problem of the theory is to find a law of interaction between neutrinos and charged particles which will reproduce the observed features of radiation. Fortunately this is not so formidable a task as would at first appear, for these features can be described completely if certain observables, satisfying known commutation rules, are known. These observables make their appearance both when radiation is described in terms of waves and electromagnetic fields, and when it is described in terms of photons; in the first case they appear as the Fourier amplitudes of the field strengths, and in the second as the quantized amplitudes of the photon states when the method of second quantization is applied to the photons. Both the Bose-Einstein statistics of the photons and Maxwell's equations follow as a consequence of their commutation rules and the equations giving their rate * T h at this is violated in K ronig's 1936 paper is closely connected with the lack of invariance of his theory under ro tatio n ; as always in quantum theory, tra n s form ation under rotation and angular m om entum are closely connected. of change with time, and further, if they are known, the interaction energy of matter and radiation can be written down immediately. The problem therefore reduces to finding an expression for these amplitudes in terms of the quantities describing the assembly of neutrinos, or, as we shall say, the neutrino field. If we can do this, not only are we certain that the phenomena of radiation will be described by the theory, but by writing down the interaction Hamiltonian we can discover how neutrinos and charged particles interact.
The most suitable way of describing the neutrino field is by means of the amplitudes which play a similar role to the radiation amplitudes, but satisfy a different set of commutation relations, characteristic of the Fermi-Dirac statistics. Jordan considered that the essential part of the problem was to construct Bose-Einstein amplitudes from Fermi-Dirac amplitudes, and that in this connexion the spin and polarization were inessential complica tions. He therefore studied a one-dimensional model in which neutrinos were supposed to have no spin and photons no polarization. The neutrinos all travel in the positive direction, and to each value of the momentum (ranging from zero to infinity) there correspond two amplitudes. (In his original papers it was not made clear whether the two amplitudes correspond to spin (as Kronig (1935) assumed in his developments), or to two kinds of particles.) The photons also travel in the positive direction and are described by one amplitude for each value of the momentum. Jordan found an expres sion for the photon amplitudes in terms of the neutrino amplitudes which varied correctly with time and satisfied the correct commutation rules, but his proof of the latter depended on certain assumptions of convergence, which, although justified, were not explicitly stated; a more naive proof would in fact have led to expressions of the form 00 -00. Later develop ments by Jordan (1936a, b) and by Born and Nagendra Nath (1936a) led to simplification of the formulation and clearer understanding of the convergence conditions. The best formulation is that of Born and Nagendra Nath, who use the idea of holes, whereby only one amplitude is necessary to describe the neutrino field and the momentum varies from -00 to 00, and state the convergence conditions clearly; these con ditions amount to saying that there is only a finite number of neutrinos in states of positive energy and only a finite number absent from states of negative energy; i.e. there is only a finite number of physically observable particles. How necessary the convergence conditions are is sliowm by the fact that Fock (1937a, b), through disregarding them, was led to believe the theory untenable. Recently, a very clear paper by Sokolow (1937) has thrown considerable light on Jordan's original formulation; Sokolow shows that the two amplitudes used there are closely connected with the use of a matrix representation where a is the quantity occurring in the " one-dimensional Dirac wave equation"
H being the energy and p the momentum. The Nagendra Nath corresponds to the more natural choice
In the usual theory the energy of the radiation is given by a simple expression in terms of the amplitudes. The rate of change of all quantities describing the field is given by their commutator with this energy. According to the neutrino hypothesis, however, the rate of change of any quantity is its commutator with the total neutrino energy. Thus the commutator of all the photon amplitudes with the difference of these two energies must be zero; i.e. the difference commutes with all the photon amplitudes. Kronig, in a series of papers (Kronig 1935 a, b, c), studying the number of ways in which the same state of the radiation field could be realized from the neutrino field, found a very simple expression for this difference; neglecting certain inessential terms which can be avoided by a trick (Jordan 1936 a), it is proportional to the square of B, the number of neutrinos in excess over the number of antineutrinos; or, in terms due to Jordan, the square of the total neutrino charge.
It is easy to calculate the wave function which on the one-dimensional model describes the pair of particles produced in process ( when an atom jumps to a lower state, emitting energy -ho). Writing y for the co-ordinates of the neutrino and antineutrino respectively it is
\jj = giux/c_giioylc i{x -y )
This separates when we transform to new variables: X = \{x + y), the co-ordinate of the " centre of gravity ", and r = \{x -y), the half-separation:
_ sin <orlce r
Thus the centre moves with momentum ftaj/c, while the inner state is described by the wave function (sin (ur\c) Such a state dissimilar to the one conceived by de Broglie.
The passage from the one-dimensional model is discussed in a joint paper by Jordan and Kronig (1936) , who show that no additional difficulties arise with the statistics, but do not go into the question of polarization. They show how Planck's law follows; the interesting point emerges from their work that the neutrinos can never attain thermal equilibrium; this is not very mysterious, for they possess other integrals of motion besides the total energy, such as the individual directions of motion and the quantity B, and therefore an assembly of neutrinos interacting with m atter does not constitute an ergodic system.
An attem pt at a neutrino theory of light giving the polarization was made by Scherzer (1935), but his neutrinos, instead of possessing spin , were transversely polarized like photon's; furthermore, his theory did not give the correct statistics for the photons.
The complete success of the neutrino hypothesis seemed to be established in a recent paper by Kronig (1936) , in which he gives an expression for the electromagnetic field strengths in terms of the neutrino amplitudes, from which the questions concerning polarization can be answered. Unfortunately owing to an oversight, the theory is not invariant under a rotation of the co-ordinate system.
The present paper studies the conditions imposed by the commutation rules of the amplitudes and those imposed by the connexion between spin and polarization; the result of the investigation is that these conditions are mutually incompatible. In so far as the failure of the theory can be traced to any one cause it is fair to say that it lies in the fact that light waves are polarized transversely while neutrino " waves" are polarized longitudinally, and for " group-theoretical" reasons it is impossible to construct the former from the latter in an invariant manner. It is not the case that no law can be found which could reproduce correctly the phenomena of radiation, but that there is an embarrassingly infinite number of such laws, violating the law of conservation of angular momentum for the neutrinos, it is true, all of which are equally entitled to selection, so that, according to the principle of relativity, none may be singled out as being the correct one.* Unless some fundamental modification is made, therefore, Jordan's hypothesis must be abandoned. It is to be hoped that the really beautiful mathematical theory which has been developed in the course of its three years of life may eventually find application somewhere in physics.
Quantum mechanics of the neutrino
We shall try to make as few assumptions as possible about the properties of neutrinos. We shall assume that there is no direct coupling between the neutrinos; that is to say, the energy, momentum, angular momentum, of a collection of neutrinos is the sum of the separate energies, momenta and angular momenta; we shall also make use of the assumption in a rather stronger form than this later (p. 265). Further, we assume that in a state where the momentum has the value p, the possible values of the energy are + c| p | (postulate I); this is embodied in the equation H2 = c2p 2.
(2-1)
We shall replace postulate IV by a weaker one, namely, that the com ponent of angular momentum of a neutrino in the direction of its motion (this can be formulated precisely as we shall see in a moment) has the two eingenvalues + \fi. This means that we need not assume the position of the neutrino to be observable nor that the angular momentum is the sum of an orbital angular momentum ([qxp], where q is the position observable) and the spin (erl5 <r2, <r3 being observables capable of representation by Pauli matrices).
From considerations of the invariance of physical laws under translations in time and space, rotations in space, and Lorentz transformations, it follows that there exist ten fundamental displacement observables, satisfying the commutation relations of the ten infinitesimal operators of the hetero geneous Lorentz group (apart from a factor ih). These are: the energy, the three components of linear momentum, the three components of angular momentum and the three components of a vector, which, owing to the fact that it contains the time variable explicitly and usually plays a less important role than the others, has no special name. Regarded from the standpoint of a four-dimensional continuum these quantities are the four components of a vector and the six components of an antisymmetrical tensor respectively. Let us denote them by H, p, M and N.* Using Greek suffixes to denote the components of a vector, and writing ea/?y for the completely antisymmetrical array of third rank, whose components are * N + ctp does n o t contain th e tim e explicitly; c times this m ay convenientl called th e m om ent of energy; th a t this is a reasonable nam e m ay be seen by looking a t th e form of N + ctp for special system s, as for instance the electrom agnetic field, where it is (\ttc)/ x (E2 + H 2) dxdydz, x being the vector w ith com ponents (x, y, z).
On the neutrino theory of light 255 + 1, -1 or 0 according as a/?y are an even, an odd or no permutation of 123, we can write the commutation rules of these quantities as follows* The brackets of the other pairs, not mentioned here, vanish, f We can define the direction of motion of a neutrino by the unit vector n, formed as follows n = cpH-1 = p.
(2-3)
The components of n are realj observables because p and H commute; n is a unit vector because of equation (2-1). As we have already said, the direction of motion is opposite to the momentum if the energy is negative.
From (2-2) we see th at M . p = p . M, and therefore this is a real observable. Also (2-5)
We shall need to use a representation in which H, n and y are diagonal. The representative of a state may be written ( ; y '; iT | ). § The eigenvalues iT of n may be specified by polar angles #, 0 . In order to define the represen tation completely we must fix the relative phases of the basic states. It will not be necessary to do this for states with different values of n', however, for, in accordance with postulate II, we shall be interested only in observables which commute with n, and therefore whose representatives are not affected by a change of the relative phases of states with different n \ In order to specify the relative phases of states with different H' we introduce the real observable p, defined by
It does not contain t explicitly, for the term t in its definition just counteracts the explicit dependence of N on t .Now N . p is easily see n and with M. It follows that p commutes with n and M, and therefore with y. It has the important property of being formally conjugate to H :
(2-7)
The existence of such an observable is characteristic for systems whose rest mass is zero. We can therefore choose the representation in such a way that p is represented by the operation ih d/dH'.
The relative phases of all states with the same iT will now be completely fixed if we fix the relative phases of any one pair of states with the same H' but different y'(y' takes the two values 1 and -1). Let us for the moment assume this to have been done. Then the matrix with components (H 'lY ;n'\e\ H " ; n") = < W where eyy, are the components of the matrix defines an observable, of which it is the representative. If we take another choice of the relative phase, say one in which the states with = 1 are multiplied by a factor eiie and those with = -1 are multiplied by then we get a different observable corresponding to this matrix. In the first representation this observable is represented by where is given by / 0 e\ ei e 0 / Accordingly we have a one-parameter family of observables, depending on the parameter 0, and we can fix the phases by requiring that any one of the should be represented by (2*9). Let the one chosen for this purpose be called ea.
From (2*9) we see that ea commutes with n, H and p, and therefore also with p, that it anticommutes with y and that 4 = 1-(2-10)
In order to discover the physical nature of the observable ea we shall enquire how it transforms when a change is made in the frame of co-ordinates.
Since it commutes with H and p it is unaffected by a translation in space and time. On the other hand, it has no very simple commutation laws with the Cartesian components of M (in fact, we cannot write them down until we fix the relative phases of states with different n'), which indicates that it does not transform in any simple manner under rotation. Nevertheless, if we consider all states in which n has a definite value iT, and rotate the frame of reference about this direction, the transformation will be determined by the component of M in that direction, which for these particular states is just M . n = \hy. A rotation of the frame of reference through an angle 6 will induce a change in ea as follows:
ea-+ea = e~ii (2*11)
From (2-9) it follows that the representative of ea is ' > where eyy> is given by where eb = -iyea. It show s that ea and eb transform like the components of a vector in twro mutually perpendicular directions, both perpendicular to n. Thus ea is the component in some direction given by a unit vector a, perpendicular to n, of an observable vector e.
In order to fix the representation, therefore, we must decide on a definite a. Having made this choice in some way for each n, we take (a . e) for the observable ea in (2-9).
This choice is entirely arbitrary, for amo vectors 'perpendicular to a given direction in space all are equivalent and none is singled out in any way.
A rotation of a through an angle 6 about iT changes the relative phase by 0.
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It is this arbitrariness that is the stumbling block for the neutrino theory of light, for we must impose the restriction that the results of the theory are independent of the choice of a.
D iscussion of a special case
In order to illustrate the results of the preceding section we shall apply them to particles described by a Dirac equation with the rest-mass term put to zero. We therefore assume that the neutrinos have an observable position q and their Hamiltonian is given by
where yv y2, y3, y4 are real observables satisfying
This is the case actually studied by Kronig (1936) . Let us introduce the notation If an observable which is a function of p, q and the y 's commutes with H, n and p it can easily be proved that it is (1) independent of q, (2) homo geneous of degree zero in p. If, further, it anticommutes with 7, a simple calculation shows that it must be a linear combination of the components ol the vector [n x /?o], the coefficients being homogeneous functions of p. Such an observable can be taken for the ea if in addition its square is unity. Now let a be a unit vector perpendicular to n, chosen in some way for each n. According to quantal ideas of functions of observables, a is a function of n, and commutes with all observables that commute with n. Let b be the unit vector [n x a]; it is perpendicular to a and n. The following results can be verified without essential difficulty:
(i) [n x /3a] = -[a/3 x n], and therefore [n x is a real obser (ii) [n x /3a] commutes with H, n, p, and therefore with a, b, and anti commutes with y.
(iii) (a ./3a) = (fa . a); (b . /3a) = (a ■ (3o), (b . f a )are real observables.
(iv) (a . (
We may therefore take (a . /3a) for our ea. At this point we may compare our results with Kronig's. It will readily be seen that his equation (17) (Kronig 1936) is the one which fixes the relative phases of states with different y', which he calls A and 0 respectively, and that taken with (19) it is equivalent to choosing
where 1 is the vector whose components are (1, 1, 1). Nothing in nature, however, singles out this vector to play a fundamental role in the theory, and if the theory is to be satisfactory we shall have to show that the results are independent of the choice of 1. That this is not the case is most clearly shown by an example that Kronig himself has suggested. J Let us consider waves in the 2-direction (i.e. iT = (0, 0, 1)). Kronig's equations then give c = (y2-y i M / \ / 2-If we now pass to a co-ordinate system arising by rotating the old one about the 2-axis through an angle 6, the spinors A and C transform to From this it easily follows that C' = e~i0 (y2 -7i) A and therefore the connexion between A' and C' is not the same as the con nexion between A and G. If we were to follow through Kronig's construction of an electromagnetic field from the neutrino field with the new A' and C", we should get a different field from the original.
Second quantization of the neutrino field
The formalism of the second quantization* affords an excellent mathe matical apparatus for the description of processes taking place in the neutrino field. In order to avoid a representation of the neutrino states based on an observable with a continuum of eigenvalues, we shall resort to the artifice of making space periodic. This does not modify the essential results of §2, nor is it really essential in what follows. We can look upon the artifice of periodicity as a restriction of the states of the system which lead to the same physical results for the points (x, y, z) and [x + IL, y + , 2 + nL) , l, m, n being integers and L the side of the periodicity cube. From the stand point of displacement operators this means we are considering only the simultaneous eigenstates of eiLp^h, eiLp^h, eiLp^n with the eigenvalue l.J Thus the Cartesian components of momentum can only take values which are integral multiples of hJL, and the direction of n is restricted to rays with direction ratios (k1} k2, k3,), kv k2, k3 being relatively prime integers (in cluding zero and negative integers). For states with a given eigendirection n', the energy takes the values H' = r whe
Only those quantities which commute with e'iLpph, etc., can be considered as observables; this means that p is no longer an obse periodic functions of it such as ei(°oP. it follows that P f ) = n ' | ).
Since the fundamental states are now discrete we can use the integers r to label the representatives instead of H' = rfiojQ . They are now (r; n' |) and the above equation reads (r; y'\ n' | eio)opty) = (r-1; n ' * Jo rd a n an d W igner (1928) . f More strictly one could allow them to have the eigenvalue eia, where a is real. This can be looked on as fixing the relative phases of states with the same n' and y' but different r, instead of (2-8), which is now meaningless. The relative phases of states with different 7' are fixed as before.
Let us temporarily arrange the basic states ^(r; 7'; iT) in a sequence \Jr2, ..., in some order or other. Then we can form states of the neutrino field in which there are % neutrinos in ^q, in and so on (%, = 0 or 1), and these will form a complete orthogonal system for the neutrino field. The phases of these states can be fixed from the phases of tfrlt ... (cf. Jordan and Wigner 1928) . Let us call them
We define the amplitudes ai and their adjoints* ad. as follows ...) = ± niW (n1,n2, -1,...) , ...,n i + 1,. ..), (4-1)
where the ± depends on the nv n2, ... in some way whi us here (cf. Jordan and Wigner 1928). These amplitudes obey the com mutation rules ai a,j + aj cx.i = 0, a i + a J a i = $ij-(4-2)
Also, denoting by ni the operator which multiplies the state W{ l5 ...) by the corresponding n^we have = (4' 3)
To each basic state there corresponds an amplitude a and its adjoint ah Let us denote the amplitudes corresponding to ^(r; + l;n ') by a*(iT), ajt(n') and those corresponding to ijr{r\ -1; n') by n'), ajd(iT). The upper index takes the values 1, 2 according as y ' = + 1 or 7' = -1. The lower index refers to the value of the energy (  H' = rhoj0) , and the is written inside the parentheses. The commutation rules now read ap(ri)av s(ri') + av s(ri')ap(ri) = 0, The amplitudes therefore transform under a rotation of a through an angle 6 about n' according to the law T) = ').
If we denote the matrix by y (components y "), this can be written in the form af(n')-*a((n') = f S"X (n'), < +(n')->^+(n') = 2 y=i S = e~ii0y ,Sf = (4-5)
In § 6 we shall need to consider the convergence of certain infinite series.
We must remember that we are dealing with states of the neutrino field in which almost all the states of positive energy are empty and almost all those of negative energy are full. Let us denote by WN a state of the neutrino field in which all the neutrino states with a positive index r greater than N are empty and all those with a negative index r less than -N are full. We shall suppose that all actually occurring states of the neutrino field can be con sidered as limits of sequences of such states with N tending to infinity. We shall say that a series ^/ r converges to / i f 2 /r converges tofWN for all N.
r r
We can temporarily drop the upper index from the amplitudes and also the label (n'). Then we have a\arx PN = 0 aLra__rWN = WN r> N .
Multiplying these equations by ar, aLr respectively we find Any series converges provided & = t= 0; for if r is sufficiently large 4 ar+k is zero and if -ri s sufficiently large a\ar+k WN = -^v is zero. Th number of terms differ from zero in Zi t therefore for all N.
We now calculate the sum of a very important series:
n the neutrino theory of light 00 2 ( u\cLr ci\ ) Jc. (4'/) r--oo A casual analysis would lead one to sum this to zero by splitting it into the two series E a\ar, Ea\+kar+k, which, however, both diverge. We the proceed as follows 
Quantization of the radiation field
Let us expand the electromagnetic field strengths in terms of progressive waves. To each value of the wave vector (iT) there correspond two inde-pendent progressive waves, which we take to be the waves polarized in the directions a andb, defined as before (pp. 257, 259) : If we describe the radiation field in the language of photons the , are to be identified with the quantized amplitudes corresponding to the states of the photon with energy Mw0, momentum M/c0n', and plane-polarized in the directions a, b respectively.* These photon amplitudes are defined as follows: Let <fiv ^2, ... be a complete orthogonal system of states for a photon, and form the states 0 (M±, M ...) there are M x photons in the first state, = 0, 1, 2, 3, ...). These form a complete orthogonal system of states for the field. We define the amplitude b{, and its adjoint by the relations V (5*3) 6 ....Mi, ...) = J(Mt + l)0 (MltM" ...,Mt+ They obey the commutation laws bibj -bjbj = 0, |
bib} -tyb{ = Sy.)
Denoting by Mi the operator which multiplies 0 (M1,M 2,...) If we take a different choice of the vector a, obtained by rotation from the original through an angle 6 about n (cf. p. 262), the vector a + ?/A .b must remain the same; £k, yk therefore undergo the transformation Zu ~> l k = cos 0 Z k + sin 6 rj k, Vk ->Vk = -sin QZk+ cos d7Jk • (5-5) 6. T h e c o n n e x io n b e t w e e n r a d ia t io n f ie l d a n d n e u t r in o f ie l d
From equation (5-3) we see that operating on a state of the field, gives a state in which the number of photons with momentum polarization a, is less by one. According to Jordan's hypothesis this means a state which differs from the original by a neutrino travelling in the direction iT having made a transition to a state in which the momentum differs by -M/c0n To make this definite, suppose the original state W to be one in which there are n*{iT) neutrinos in each state ((r, A, iT) (n^(n') = 0 or 1). Then ^kW is a linear combination of states " with the same occupation numbers fty(n') except for two, say n£{ri), nv s+k{n'which are ch and %£+fc(n') -1 respectively. Such a state can be written (we drop the iT)
= apal+uV-
The most general expression for £,kW is therefore Zk? = 2 s + k ) a f a v s+kW. H, v,s At this point we make the assumption that the " matrix element" Aflv{s, s + Jc) for the transition of a neutrino from the state s + to the state s is independent of the number of neutrinos present in other states. This is a stronger form of the assumption concerning the absence of direct coupling between the neutrinos than we have heretofore used. The coefficients Aftfs, s + k) are then the same for all states we can therefore write the expression for E ,k,and similarly for rik, in the form 2 a ' rl f A /lv{ r , r + k ) Here, as in future, we sum over repeated Greek indices without indicating it explicitly. If we take the variation with time into account, is proportional to elr" > ol and av r+k to hence rjk are proportional to e~ik(0^; this is the law of variation with time given by Maxwell's equations. The relation (6T) will therefore lead to Maxwell's equations for the field. It will thus give a correct account of radiation phenomena if it satisfies the commutation rules (5-2) and is independent of the choice of a. Equation (6-1) must still hold if we substitute in it the values of £,k, 7 }k, aft, av r+k referred to a choice of a differing by a rotation through 6 about iT (equations (4*5) and (5*5)): ( r , r + k), v(r, r + k) being numerical coefficients. The neutrinos there fore make transitions only to states of opposite spin; this agrees with our previous deductions from the balance of angular momentum. -iu(s,r) , 0/ (6*4)
-S
Z k =
It is also consistent with this notation to write
The quantities occurring in these equations are essentially non-negative; each must therefore vanish separately:
u(r, r + k) =
This gives Zk = Vk = Q' > this, however, is inconsistent with (5-2). conditions can therefore not be satisfied.
Because of its generality, it is a little difficult to see through the fore going argument, and it is of interest to start from a more special form for E ,k, rjk in order to illustrate the nature of the failure. In the one-dimensional model, where 7 jk are replaced by one amplitude bk and a}, af by ar, the relation between bk and ccr is (Born and Nagendra Nath 00 bk -
From this it is plausible to suppose that the A/n,(r, r B^v{r, r + k) are in fact independent of r and contain k only as 1 00 ik= 1N k A flv 2 a f a v r+k, r--00 00 Vk ~ 1 /^f i v2 Q ' r+k r--00
We shall see that by suitably choosing the matrices A, B we can satisfy the commutation rules (5-2), but that then it is impossible to satisfy (6-3).
As an example wre calculate E ,k7]j -Let us write = ; then If Jc = l we cannot split the series into two parts, for the series in (6-6) diverge, but we can use the result (4*8):
£kVk~Vk£k ~ ^r(ABt). Hence ^(AB^) = 0.
A similar investigation for the remaining products leads to the result that A, A+, B, Bt must all commute, and Tr(AAt) = Tr(BB+) = 1, Tr(ABt) = 0.
( 6-8) Two examples of matrices satisfying these conditions may be quoted. First, those studied by Nagendra Nath (1936, equation (16) Multiplying on the left by y yA + Ay = 0.
Since y is Hermitian we also have, on taking the adjoint of this, yA+ + A+y = 0.
Prom the first of the equations ( I am indebted to Professors J. v. Neumann, P. Jordan and R. de L. Kronig and to Mr N. S. Nagendra Nath for helpful discussion.
Summary
This paper brings to light a grave difficulty for the neutrino theory of light. Starting from assumptions about the neutrino sufficiently general to include the models which have been studied by Jordan, Kronig and others (with the exception of Scherzer's attempt, which is not strictly a neutrino theory), and working with the amplitudes of the second quanti zation as the most suitable mathematical apparatus, one sets up the most general theory consistent with Jordan's hypothesis. The conditions under which this will lead to a satisfactory theory of light are (1) that certain commutation rules be satisfied; (2) that the theory be invariant under a change of co-ordinate system. In order to study the second of these it has been necessary to analyse rather carefully the transformation of the am plitudes under certain types of rotation and this reveals an arbitrariness in the choice of certain phases. A condition for the invariance of the theory is that the results be independent of the way in which these phases are chosen.
From this point onward a straightforward analysis leads to the result that the conditions cannot be satisfied simultaneously. The invariance requires that the neutrino which interacts with the atom should reverse its spin, a result which could also be derived from considerations of the conservation of angular momentum, and an essentially simple though rather tedious calculation shows this to be inconsistent with the com mutation rules.
The introduction gives an account of the aims of the neutrino theory of light, the problems which it meets and the attem pts that have been made to solve them. 
